1. Introduction. In this paper, we continue the study initiated in [BDS1] of the blow-up of solutions of parabolic partial differential equations (PDEs) in which the spatial integral of the unknown function is constrained to be zero. In particular, we incorporate the effect of convection to obtain a system of PDEs that arises as a perturbation of a similarity solution of the Navier-Stokes equations in an infinitely long channel. We find that, while there is no evidence that the solutions of the Navier-Stokes equations considered here blow up (and indeed all the evidence indicates otherwise), the slightly perturbed equations all exhibit blow-up. One of the major issues we consider is how this change in behaviour arises. It appears that the amount of convection is critical in determining if blow-up occurs; this justifies our study of a parameterised system of equations linking the nonlocal reaction-diffusion (no convection) equation to the Navier-Stokes equations. We believe that it is interesting to understand the sense in which the solutions of Navier-Stokes equations are affected by small perturbations to the governing equations and, for this reason, we study the parameterised family, including the Navier-Stokes equations.
To do this, consider the following initial-boundary value problem: Find u(x, t), v(x, t), and K(t) satisfying (1.1) us+#vux=ux+u 2-K2, Here T is the blow-up time. This system is formally third order in the spatial variables, but has four boundary conditions that are compensated for by the fact that K(t) is unknown. Integrating (1.2) and applying the boundary conditions on v(x, t) shows that (1.5) I u(x, t)dx 0, 0 < t < T, and then integration of (1.1) using parts shows that (1.6)
(1 + #) u 2 (x, t)dx.
Thus the initial data is chosen to be compatible with (1.5). When # 1, the above system is equivalent to a similarity solution of the Navier-Stokes equations and K(t)
is closely related to pressure.
In [BDS1] we considered the case where # 0. Problem (1.1) is then a reactiondiffusion equation with a conserved first integral corresponding to a conservation of the total mass of the system. Such systems arise naturally in models of chemotaxis in mathematical biology [Ch] and also arise in studies of phase separation in binary alloys, particularly, the nonlocal Allen-Cahn equations described in [RS] . In [BDS1] we show that if the initial data has a maximum at the origin, is monotone decreasing in x, and large enough, then blow-up occurs so that u(0, t) becomes infinite in a finite time. Moreover, this blow-up is global in the sense that lu(x, t)l --cx as t -T for all x E [0, 1]. However, the blow-up is also nonuniform in the sense that u(x, t) blows up most rapidly at the origin. Smaller initial data lead to solutions that decay to zero as t -c. Similar thresholds on the initial data leading to blow-up have been observed for the chemotaxis equations. In this paper, we extend these results to study the evolution of problem (1.1) in the case where 0 < # <_ 1. The particular case of # 1 arises as a similarity reduction of the Navier-Stokes equations, and details of this relation are given in 2. Setting # < 1 in (1.1) varies the amount of convection in the problem and thus gives an insight into the relationships between the dynamics of a class of solutions of the Navier-Stokes equations and the dynamics of a reaction-diffusion problem. Other studies of blow-up in the presence of convection for rather different systems not directly related to the Navier-Stokes equations are given in [ABG] and [LAF] .
Our interest in this problem for # close to 1 follows from the (numerical) observation that, when # < 1, certain classes of initial data lead to finite time blow-up, whereas, when # 1, there is no numerical evidence of blow-up; furthermore, there are exact solutions with initial data of arbitrarily large L , L2, or H norms on (0, 1) that decay to the stable equilibrium u 0 as t -c. One of these solutions is proved in 5 to be stable for arbitrary supremum norm. Thus, while the Navier-Stokes equations together with the geometry and boundary conditions considered in 2 appear to yield bounded solutions, this bounded behaviour may disappear under arbitrarily small perturbations of the original equations.
For more general values of # < 1, problem (1.1) becomes interesting because the precise structure of the blow-up set and the nature of u(x) close to blow-up depends subtly upon the value of #. If # < 1/2, then the blow-up is nonuniform in the sense of the above definition. However, if < # < 1, then the blow-up is uniform in the sense that as t --. T, then U(Xl,t)/u(x.,t) (9(1) for general xl,x2 A similarity solution related to that above was used in [Stu] Recently, Childress et al. [CISY] made the observation that, using the same similarity structure as [Stu] [Kat] , ITem]. Thus the singularities found by [CISY] and [Stu] may be thought of as a consequence of the unbounded nature of the initial kinetic energy that arises from the linearity of the similarity solution in x and z; nevertheless, the possibility of singularity development in the similarity solutions remains a question of theoretical importance.
The work in [CISY] is concerned with two-dimensional flows. Consequently, a vorticity-streamfunction formulation of the problem is used with similarity form equivalent to a two-dimensional restriction of the form above. We prefer to work in the primitive variables so that possible extensions of the work to three dimensions are clearer. In [CISY] [Cox] . We further investigate viscous singularity development; however, it is important to emphasise that the boundary conditions (1.3) are different from those used in [CISY] .
We seek solutions of the equations above posed in a channel corresponding to the finite interval 0 < y < 1. This necessitates the imposition of boundary conditions on u, v, and w at both y 0 and y 1. Since (2.1), (2.3), and (2.4) are fifth order in space and we have six boundary conditions, we must allow one of c(t) or e(t) to be an unknown function. Without loss of generality, we fix e(t) and consider c(t) as an unknown. Note that the pressure p(t) can be determined a posteriori from (2.2) once u, v, w, and c have been found to satisfy (2.1), (2.3), and (2.4).
For simplicity, we consider solutions with w(y,t)
0 and e(t) 0; we also assume that p 1 as solutions for general can be obtained by simple rescaling. It is natural to consider the case of no flow through the walls of the channel so that v(0, t) v(1, t) 0. As a second boundary condition, we consider the stress-free case with uy 0. This allows us to directly compare the solutions of our system with those studied in [BDS1] . The alternative case of the no-slip condition at the boundaries is discussed in [CISY] and [ZDB] . These considerations then lead to the following problem: 
The initial condition on u(y, 0) is chosen to be compatible with (2.6), (2.7). For notational convenience, we have let y -x in the remainder of the paper as the resulting equation then more closely resembles the reaction-diffusion equations studied in [BDS1] and elsewhere. We also set c K2, since (1.6) shows that it is positive. Equations (2.5)-(2.7) then give (1.1)-(1.3)if # 1.
3. The general evolution of (1.1) and its steady state solutions. Equation (1.1), together with its initial and boundary conditions, is an example of a nonlinear parabolic equation with a constraint and a preferred convective direction. Indeed, if
w.e consider a solution u(x, t), which is positive at x 0 and has one zero, then v(x, t) will be positive for all x, and hence the convection will be in the direction of increasing x; that is, away from the region where u(x, t) is positive.
We start by considering the existence and regularity of a solution to (1.1)-(1.4) and study the stability of the trivial solution u 0. We will use the notation 
It is straightforward to verify that
Application of Theorem 6.3.1 in [Paz] gives the existence of a solution u(o,t) CI((O,T);H1).
Furthermore, integrating (1.1) then shows that since u0 e X, we have u(o, t) e X for all t (0, T) and the existence result follows. The continuation result for bounded IlUllH also follows from the application of the same theorem.
To obtain H2(0, 1) norm bounds, we use the variation of constants formulation for the solution of (3.1):
u(.,t) eAtuo + eA(t-8)F(u(.,s))ds. We note that this value of a implies that uo(x) has a positive maximum at x 0. (To obtain leading order solutions with n zeros, we simply rescale these expressions to give, for example, Uo(X)= n2r2/2cos(nTcx).)
The leading order solution is in very good agreement with. the numerical calculations presented in Fig. 3. 2. In particular, we have correctly predicted the value of the constant a that appeared to be arbitrary at the leading order of the asymptotic expansion. This prediction of the value of a follows directly from our assumption of the regularity of the functions ul (x) and Vl (X) at the point x 0.
To further investigate our assumption of regularity, we now study the solution of Combining these results gives the formulae presented in Formal Proposition I. It is important to ask why we should impose regularity of the asymptotic expansion at x 0 when this is not possible at x 1. In fact, to be precise, the asymptotic expansion is taken to be regular at the boundary point at which u is positive; indeed, the positivity of a and hence of u (0) is forced by the assumption of regularity. This is entirely consistent with the fact that the direction of the convection in (1.1) is from the region where u(x, t) is positive to the region where it is negative. Thus, compared with other convective systems, we would expect more subtle behaviour in the function u(x, t) to occur at the boundary toward which the convective flow is directed and hence at the boundary at which u(x, t) is negative. We note that if we impose regularity on vl (x) at the point x 1 rather than x 0, we simply obtain a reflexion of the earlier solution with u(x) positive at x 1. If we were to drop all the assumptions of regularity so that Vl(X) is neither regular at the point x 0 nor at the point x 1, then the value of the constant a is no longer determined uniquely, and a boundary layer must be introduced at both points. However, the calculations reported in [BDS2] indicate that it is not possible to find a consistent matched asymptotic solution for u(x) in this case. We now show how the value of # affects the form of blow-up. We look at the two cases 0 < # _< 1/2, 7 < # < 1 separately, but for each discussion we assume that blow-up is such that the function u(x, t) has a single postive maximum at the origin. This can always be assumed for appropriate initial data and, generically, we would always expect such a profile (or a reflexion of such).
1 Motivated by the scalings introduced 4.1. Nonuniform blow-up: 0 </z _< 5" in [BDS2] , we presume that blow-up occurs at the origin and that u(x, t) has a similarity solution structure characterised by the following change of variables.
U(r/, ) -ln(T t) r/= x/(T t) xe u= T-t
Here we assume that in the blow-up region, r/ is an O(1) quantity and that the expression relating x to r/gives a scaling for the blow-up region that tends to zero as t T. in an attempt to further elucidate the structure of blow-up. Substituting this expression into the differential equation leads to the following conditions upon the coeffi- The blow-up structure is such that generally a -0 and this case corresponds to all the numerical observations; from these calculations we conjecture that we expect that the case a 0 will be observed only for a set of initial data with measure zero and are hence unstable. Therefore, we deduce that, generically, c so that 0=g-#, implying that the blow-up peak has width
x O((T-t)/2-").
This decreases to zero as t T demonstrating the nonuniform nature of the blow-up.
The assumption that 0 < 21-, which was made in deriving the form of the asymptotic
To determine the general behaviour of the solution, further requires that 0 < # < 3" solution that blows up, we represent u(x, t) as u U(rl, )+ p(t)+ q(x, t).
The analysis of u(x, t) then proceeds completely analogously to the case tt 0 presented in [BDS2] . When # it follows that 0 -0 and, instead, we introduce the from the discussion in 3 that the original solution u(x, t) is regular at both x 0
and at x 1. The expression u(x, t) U(x)/(T-t) is, in fact the outer solution of a matched asymptotic expression with a time dependent boundary layer at x 1.
The reduced regularity of the outer solution is reminiscent of the steady state and is a further consequence of the convection in the equation.
Following the techniques described in [CISY] , we may integrate the first order For general it we may express x in terms of an incomplete Beta function of U.
However, in the two limits it --. 1 and it , we may obtain a simpler expression for x.
We now consider the limit of the Navier-Stokes equations so that it In the two cases, /(t) tends to the respective limits of 1 and 2 predicted by the above formulae. 5. Behaviour for tt 1. Theorem III. In this section we complete our discussions by investigating the Navier-Stokes limit of the time dependent behaviour of (1.1)-(1.3) by taking #-1 so that the equations become, using (1.6), The first interesting observation about this problem is that these nonlinear equations dmit exact solutions; see Theorem III (a) in 1. Straightforward substitution verifies that they are solutions of the evolution equation.
These solutions are precisely those described in [Tay] In the special case of # 4 we may deduce that u(x, t) decays to zero by using energy estimates similar to those derived in 6. Noting that the spatial dimension of the problem is one, the result follows by Sobolev embedding.
